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Unsteady aerodynamic analysis of � at plates in tandem con� guration � ying near the ground is done using a
discrete vortex method. The vortex core modelingand the core additionscheme are needed for the better prediction
of the unsteady downwash on the � at plates and coupled aerodynamic interference between the plates. For the
validation of the present method, the computed wake shapes of both single � at plate and � at plates in tandem
con� guration are compared with � ow visualization and other numerical results. The predicted wake shapes and
the aerodynamic characteristics of the � at plates in tandem con� guration show that the unsteady ground effect
can be of considerable importance in the performance of wings in tandem con� guration.

Nomenclature
Ai j = normal component of velocity induced at control

point i by a unit circulation at node j
c = chord length
H0:25C = distance between quarter-chordpoint

and the ground
H0:5C = distance between half-chord point and the ground
h0:25 = H0:25C =c
h0:5 = H0:5C =c
h0 = heaving oscillation amplitude
l = distance between the quarter-chordpoints of plates
N = number of nodes on a � at plate
N T = number of total time steps
ni = unit normal vector at control point i
p0 = pitching oscillation amplitude
Q i = normal velocity induced at control point i by a unit

circulation at the trailing edge
Rc = cylinder Reynolds number
rc = vortex core radius
t ; T = time
U1 = freestream velocity
X; Y = ground-� xed coordinates
x; y = body-� xed coordinates
® = angle of attack
0 = circulation of a point vortex
° = � ight-path angle
1l = panel length
1t ; 1T = time step
µ = pitch angle
½ = freestream density
8 = velocity potential
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! = heaving oscillation frequency
! p = pitching oscillation frequency

I. Introduction

T HE over-the-ground-surface typewing-in-ground(WIG) effect
vehicles such as the high-speedguide way train (Aero-Train)1

are free from the surface conditions caused by the ground rigidity.
They can � y faster at a very low altitude compared to the over-
the-water-surface type WIG vehicles. According to the studies1;2

in relation to the steady (static) ground effect on wings in tandem
con� guration, it has been known that they have a good pitching
stabilitynear theground.Thus,severalover-the-ground-surfacetype
WIG vehicles are proposed to have wings in tandem con� guration.
However, the unsteady (dynamic) ground effect can give rise to the
signi� cant change on the aerodynamic characteristicsof wings. To
develop such vehicles, the basic research on the ground effect is
crucial for the reliable predictionof the WIG vehicle performances.

Chen and Schweikhard3 addressed the dynamic ground effect by
considering a � at plate descending to the ground from a high alti-
tude. Their results have the limitation by using the � xed wake path.
Nuhait and Zedan4 studied the dynamic ground effect by allow-
ing wakes to deform and roll up freely according to its force-free
position. Katz5 used a vortex-lattice method that also included a
freely deforming wake to investigate the ground effect on the lift
of wings used for a racing car. Nuhait and Mook6 developed a gen-
eral model of � nite lifting surfaces in steady and unsteady ground
effect. Recently, Rozhdestvensky7 gave an extensive review for an-
alytical, computational, and experimental researches on the WIG
effect. However, not much is shown in the literature in relation to
the dynamic ground effect on wings in tandem con� guration.

In this paper the dynamic ground effect on the aerodynamicchar-
acteristics of � at plates in tandem con� guration is investigated by
using a discretevortexmethod.To analyze the closely coupledaero-
dynamic interferencebetween the � at plates, an accurate simulation
of the near-� eld and medium-� eld wake is required. The improp-
erly simulated wake shapes can cause the inaccurate predictions of
aerodynamic coef� cients. Sarpaka8 addressed the numerical insta-
bilitiesarisingfroma discretevortexmethod.Mooket al.9 solved the
problemby introducinga vortex core addition scheme. In this paper
the core addition scheme9 and a vortex core model10 are combined
together. A calculated wake pattern for a � at plate in heaving os-
cillation motion is compared with the � ow visualization.The effect
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of the vortex core modeling10 and the core addition scheme9 can
be validated by comparing the results with the time-step reduction
scheme.The presentmethodis also validatedfor a frontairfoilpitch-
ing around the quarter-chordaxis and a rear stationary airfoil in its
wake.9 The wake shapes and the aerodynamiccharacteristicsof � at
plates in tandem con� guration are predicted.

II. Method of Analysis
To treat theunsteadymotionsof � at platesmovingthroughtheair,

two coordinate systems are used (Fig. 1): the body-�xed coordinate
system (x; y) and the inertial frame of reference (X; Y ). The � ow
is assumed to be inviscid, incompressible, and irrotational over the
entire � ow� eld, excludingthe � at plates’ solid boundariesand their
wakes. A velocity potential 8.X; Y / can be de� ned in the inertial
frame, and the continuity equation becomes the Laplace equation.
Mass should be conserved regardless of the coordinate systems.
Therefore, the continuity equation in terms of (x; y) remains
unchanged.

r28 D 0 .in x; y coordinates/ (1)

The solution of Eq. (1) can be obtained by the distribution of
elementary solutions. A � at plate is discretized into (N ¡ 1) equal
length panel elements. The vorticity on each element is considered
as uniform. The vorticity of uniform strength on each element is
replaced by a point vortex of strength 0 j located at a distance equal
to 1

4
of the element lengthbehind its leadingedge,as shown in Fig. 2.

The wake is represented by free vortices that deform freely by the
assumptionof a force-freepositionduring the simulation.These free
vorticesare connectedto theboundvorticesat the trailingedgeof the
plate through the Kutta condition. The strengths of the elementary
solutions are obtained by enforcing some boundary conditions as
follows:

Fig. 1 Coordinate systems: ° (� ight-path angle), µ (pitch angle), ®
(angle of attack), c (chord length), VAx , VAy (X, Y component of the plate
velocity), H0:25C (height of the quarter-chord point above the ground),
h0:25(H0:25C /c), l (distance between quarter-chord points of the plates),
Cm (total moment coef� cient of the plates in tandem con� guration).

Fig. 2 Discretization of a � at plate.

Fig. 3 Circumferential velocities for various core radii.

1) The � ow disturbance, caused by the plates’ motion through
the � uid, should vanish far from the plates.This boundarycondition
can be satis� ed automatically by using the discrete vortices as the
singularity distributions.

2) Zero normal � ow across the plates’ solid boundaries is the
next boundary condition. The continuity equation (1) does not di-
rectly include time-dependent terms. Time dependency is intro-
duced through the modi� cation of “zero normal � ow on a solid
surface”and the use of the unsteadyBernoulli equation. If the kine-
matic velocity (v) is given as follows,

v D ¡.V0 C vrel C ­ £ r/ (2)

where v0 is the velocity of the body-�xed system’s origin,
r D .x; y; z/ is the position vector, ­ is the rate of rotation of the
body’s frame of reference, and vrel is the additional relative motion
within the (x; y; z) system.

The zero-velocitynormal to a solid surface boundary in the body-
� xed frame becomes

.r8 ¡ V0 ¡ vrel ¡ ­ £ r/ ¢ n D 0 .in x; y coordinates/ (3)

where n is the normal to the body’s surface, in terms of the body
coordinates (x; y). The plate is considered rigid; hence, vrel is equal
to zero. Also, ­ is assumed to be zero. Ful� lling the boundary
condition on the surface requires that, at each collocationpoint, the
normal velocity componentwill vanish, and we can write Eq. (3) as

N ¡ 1X

j D 1

ai j 0 j ¡ qi 0c D .V0 ¡ Vwi/ ¢ ni

on the plate for i D 1; 2; : : : ; N ¡ 1 (4)

where the in� uence matrix element ai j represents the normal veloc-
ity componentat a control point i by the point vortex (having a unit
circulation) at the panel element j and its image; elements ai j are
functions of geometry; 0 j is the unknown circulation of the point
vortex representing the vorticity of the panel element j ; qi repre-
sents the normal velocity component induced at control point i by
the starting vortex and its image; and Vwi is the velocity induced by
the wake vortices and their images whose positionsand circulations
are known. At the beginning Vwi is zero. The calculation begins at
t D 1t, and the wake at this moment consists of a single vortex 0c .
Following Mook et al.,9 we simulate this starting vortex by placing
it at a point of 1

4 behind an airfoil trailing edge (Fig. 2).
3) The third boundary condition is the Kelvin condition.The use

of Kelvin condition, which shows the circulation around a � uid
curve enclosing the plates and how their wakes are conserved, will
supply an additional equation

N ¡ 1X

j D 1

0 j ¡ 0c D
N T ¡ 1X

j D 1

0wake (5)
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0wake is the circulation of a wake core at node k, which is zero at
the start of motion. The wake is created as a result of shedding and
convecting the starting vortex at each time step.

4) The unsteady Kutta condition at the trailing edge of a plate is
satis� ed by shedding the vorticity generated at the trailingof a plate
at the local � uid particle velocity.

5) The condition of continuous pressure across the wake is ful-
� lled with convecting wakes downstream at the local � uid particle
velocity.

To solve Eqs. (4) and (5), an initial condition describing the po-
sition of the wake and its vorticity must be prescribed.At each time
step a newly shed starting vortex is � xed at a point of 1

4 behind a
plate’s trailing edge, as required by the unsteady Kutta condition.
All of the circulation strengths are determined including the effects
of their images by the Gauss elimination. At the end of the step, the
shed vortex is convecteddownstream to its new position at the local
� uid particle velocity. The procedure is repeated for any desired
number of time steps.

A. Wake Roll up

Because the wake is force free, each vortex representingthe wake
must move with the local � ow velocity. The local � ow velocity is
the result of the velocity components induced by the wake and the
plate. It is measured in the inertial frame of reference (X; Y ). To
achieve the vortex wake roll up at each time, the induced velocity
.u; v/i at each vortex wake point i is calculated,and then the vortex
elements are moved by Euler convection scheme.

.1x; 1y/i D .u; v/i 1t (6)

The induced velocity is calculated by using the Biot–Savart law.
Sarpaka8 addressed the two dif� culties with the Biot–Savart ap-
proach for two-dimensional simulations using line vortices. 1) The
vortex � lament singularitiescause numerical instabilitiesand phys-

a)

b)

c)

d)

e)

f)

Fig. 4 Wake patterns behind a � at plate undergoing heaving oscillation motion.

ically impossible sheet crossings along the wake vortex sheet.
2) Because the computing time is proportional to m2, where m
is the number of vortices,8 the signi� cant increase in CPU time
occurs as more vortices are added. They also reviewed numerous
schemes and hybrid methods to overcomethe precedingdif� culties.
In 1986 Mook et al.9 contriveda core addition scheme alternativeto
a redistributionscheme describedby Sarpkaya and Schoaff.11 Their
scheme was effective in simulating unsteady aerodynamic interfer-
ences.However,anothermethod is necessaryto decreasecomputing
time. In this paper the computing time is minimized by combining
a core addition scheme9 and the vortex core modeling,10 which will
be shown later.

B. Vortex Core Addition Scheme

In the regionswhere vortex cores are separating, leavingbig gaps
and beginningto reassemble,the unequal spacingbetween the cores
could lead to serious computational problems. The core addition
scheme9 imitates the elongated region of the vorticity in the actual
� ow.12 If the distance between two successively shedding cores is
separated by more than a prescribed “critical length,” a new core is
located at the midpoint of the line segment connecting them. This
new core has 1

3 the sum of circulations around the two original
cores. The circulationsaround the two original cores are reducedby
a factor of 2

3 .

C. Vortex Core Model

A real vortex is not a concentratedsingularityof in� nite vorticity.
The best known models for a real vortex are the Rankine and the
Lamb (Oseen) model.13 The Rankine vortex rotates as a solid body
within a core. The Lamb model involves the Gaussian vorticity dis-
tribution. Ling et al.10 employed a more advanced technique based
upon the solution for the actual velocity induced by a vortex in a
viscous� uid. A core radius rc at time t is approximatelyequal to the
radial distanceof the pointwhere the maximum velocity is induced.



HAN, YOON, AND CHO 1031

This can be expressed for an element j in terms of its initial core
radius rc j0 and growth age 1t j through

rcj D rcj0 C 3:17
p

1t j =Rc (7)

where Rc D U1 D=º is the cylinder Reynolds number. The velocity
within the core (º j ) is

º j D .0 j =2¼r/
©
1 ¡ exp

£
¡ 1:25643.r=rcj/

2
¤ª

(8)

where 0 j is a strength of a vortex and r is the distance between the
origin of the vortex core and the point in space. Outside the core
region the induced velocity can be taken as that of a free vortex of
strength 0 j (Fig. 3).

D. Image Method

Following Wieselsberger,14 the ground effect is included by the
imagemethod.The groundis simulatedbyplacingthe imageof a � at
plate at an equal distance below the ground as shown in Fig. 1. Two
symmetrically positioned lifting surfaces are considered to create a
straight streamline along the ground plane.

E. Extension to Flat Plates in Tandem Con� guration

By ful� lling the zero-normal � ow boundary condition on each
plate, 2.N ¡ 1/ equations are constructed. The use of the Kelvin
condition at each plate adds two more equations. Thus, the con-
structed aerodynamic in� uence matrix becomes determinant. The
Kutta condition is also satis� ed at the trailing edge of each
plate.

F. Computation of Aerodynamic Loads

In the body-� xed frame the pressure difference (p1 ¡ p) can be
computed by the unsteady Bernoulli equation

p1 ¡ p

½
D 1

2

"³
@8

@x

´2

C
³

@8

@y

´2
#

C vref ¢ r8 C @8

@t
(9)

where the kinematic velocity vref D ¡ .V0 C ­ £ r/.

III. Results and Discussion
Figure 4 shows the wake patterns behind a � at plate undergo-

ing heaving oscillations with ® D 0, h0 D 0:019, and !c=2U D 8:5.
The required computing time and vortex core numbers are given
in Table 1. A desktop computer (Pentium II 333 Mhz CPU and a
160Mb RAM) is usedfor the calculation.In Fig. 4a theexperimental
result of Bratt15 is shown for an airfoil. Figure 4b shows a computed
result without using a scheme. The time step (1t ) is set to 0.01.
In the � gure the vortex sheet crossing is clearly shown. Figure 4c
shows that the use of the core addition scheme9 with L cr D 5:0 elim-
inates the unequal spacingbetween the cores. However, this scheme
requires a large amount of computing time without improving the
result. Figure 4d shows the poor representationof the wake pattern
caused by a time-step reduction scheme (1t D 0:0027). It needs the
largest computing time among the results as given in Table 1. As
shown in Fig. 4e, the computed results are improved using a vortex
core model10 with rc D 0:03c. In Fig. 4f the computing time is min-
imized by combining a core addition scheme9 and the vortex core
modeling10 while the computed results show good agreement with
the � ow visualization.

Figure 5 shows the wake behavior behind a � at plate impul-
sively startedand undergoinga heavingoscillationmode with ® D 0,
h0 D 0:019, !c=2U D 8:5, and h0:25 D 0:1. The time step (1t) is
set to 0:009c=U , the core radius .rc/ D 0:025c, and the critical
length .Lcr/ D 3:01tU . At t D 0:369 wake vortices are shed from
the plate’s trailingedge and boundedby the ground.At t D 0:549 the
wake shape becomes asymmetric. At t D 0:729 the wake structure
is distorted and becomes complicated. At t D 0:999 and 1.296 the

Fig. 5 Wake behavior behind a � at plate in heaving oscillation motion
near the ground.

wake structures are completely distorted. It can be deduced from
the � gures that the complicated wake shape at t D 1:296 can be
predicted well by the present method.

InFig. 6 thewakepatterncalculatedby thepresentmethodis com-
pared with that of Mook et al.9 for a front NACA0012 airfoil in sim-
ple harmonic pitching oscillation (p0 D 0:2, !p D 0:8¼ £ 2U1=c,
U1=c D 1:0) around the quarter-chord point and a stationary rear
NACA0012 airfoil. It can be seen in Figs. 6a and 6b that,
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Table 1 Comparison of the required computing time

Case 1t Lcr Number of Computing
in Fig. 4 .£c=U1/ rc .£c/ (£U11t) cores time, s

a) Experimental Experimental Experimental Experimental Experimental
result result result result result

b) 0.01 £ £ 200 39.0
c) 0.01 £ 5.0 2038 1027.64
d) 0.0027 £ £ 740 1705.61
e) 0.0027 0.03 £ 740 1678.94
f) 0.01 0.03 5.0 740 263.09

a) Mook et al.9

b) Present method

Fig. 6 Wake pattern for a front airfoil pitching around the quarter-
chord and a rear stationary airfoil.

although the present result is for the � at plates whereas Mook
et al.9 used the NACA0012 airfoils, the results agree well. In
the present calculation 1t D 0:01 £ c=U1, rc D 0:02c, and L cr D
1:01tU1 .

Figure 7 shows the wake shapes and lift coef� cients for the � at
plates in suddenaccelerationmotionwith ® D 10 and l D c. The out-
of-ground effect is shown in Fig. 7a, whereas the in-ground effect
for h0:25 D 0:25 is shown in Fig. 7b. Figure 7 shows that the lift
coef� cient of the rear plate increases until the wake vortices shed
from the front plate drifted toward the rear plate’s leading edge.
After the vortices pass the rear plate and move further downstream,
the lift coef� cient of the rear plate decreases. It can be deduced from
the � gures that the ground effect causes the lift to increase in the
rear plate.

Figure 8 shows the wake shapes and lift coef� cients for tan-
dem plates in heaving oscillation motion with ® D 0, l D 0:7c, and
!c=2U D ¼ . As the wake vortices from a front plate are convecting
downstream, they are divided as two parts: some cores pass over
the top of a rear plate while others pass along the bottom. Figure 8a
shows the lift coef� cient oscillation of the rear plate around that
of the front plate. Figure 8b shows the higher frequency lift coef-
� cient oscillations for the plates in ground effect with h0:25 D 0:1
and h0 D 0:01. The complicated aerodynamic interferencebetween
the plates and the ground causes severe lift � uctuation in the rear
plate.

Figure 9 shows the aerodynamic coef� cients of the plates with
steady (static) and unsteady (dynamic) ground effect. In the � g-
ure the plates are descending to the ground with ® D 12, ° D 10,
and l D 2c. In the � gure the total lift coef� cients represent the sum
of the lift coef� cients for both plates. The pitching-moment coef-
� cients are calculated relative to a midpoint between the plates’
leading edge. As the plates approach the ground, the total lift coef-
� cients of the plates in dynamic ground effect become bigger than
those of the plates in static ground effect. The pitching-moment
coef� cients for the plates in static ground effect become negative
for small ground heights, whereas the plates in dynamic ground ef-

a) Out of ground effect

b) In ground effect

Fig. 7 Wake shapes and lift variations of tandem � at plates in sudden
acceleration motion.

fect have the positive pitching-moment coef� cients for all ground
heights.

Figure 10 shows the aerodynamic coef� cients of the plates in
static ground effect. In the calculation the same angle of attack and
� ight-path angle as used in Fig. 9 are selected. In the � gure the
total lift coef� cients of the plates are almost alike for three differ-
ent distances between the plates. The pitching-momentcoef� cients
become bigger as the distances decrease.
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a) Out of ground effect

b) In ground effect

Fig. 8 Wake shapes and lift variations of tandem � at plates in heaving
oscillation motion.

Fig. 9 Aerodynamic coef� cients of tandem � at plates in static and
dynamic ground effect.

Fig. 10 Aerodynamiccoef� cients of tandem � atplates in groundeffect
for various distances between the plates.

IV. Conclusions
This studydemonstratesthat the use of a core additionschemeand

the vortex core modelingreduces the computing time signi� cantly
while it producesthe good representationof the wake patternbehind
the � at plates in unsteady motion.

The prediction on the wake patterns shows that the unsteady
ground effect complicates wake patterns more than the out-of-
ground-effect case. This complicated wake pattern causes severe
lift � uctuation on the plates. The investigated aerodynamic charac-
teristics of tandem � at plates in dynamic ground effect are different
from those of tandem � at plates in static ground effect. Although
the present results are for the � at plates, it can be concluded that the
dynamic groundeffect can be of considerableimportancein the pre-
diction of the aerodynamic performances for the wings in tandem
con� guration.
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